Abstract The present paper aims at investigating the boundary layer flow of a non-Newtonian fluid accompanied by heat transfer toward an exponentially stretching surface in presence of suction or blowing at the surface. Casson fluid model is used to characterize the non-Newtonian fluid behavior. Thermal radiation term is incorporated into the equation for the temperature field. With the help of similarity transformations, the governing partial differential equations corresponding to the momentum and heat transfer are reduced to a set of non-linear ordinary differential equations. Numerical solutions of these equations are then obtained. The effect of increasing values of the Casson parameter is seen to suppress the velocity field. But the temperature is enhanced with increasing Casson parameter. Thermal radiation enhances the effective thermal diffusivity and the temperature increases. It is found that the skin-friction coefficient increases with the increase in suction parameter.
Introduction
The study of laminar flow and heat transfer occurring over a stretching sheet in a viscous fluid is of considerable interest because of their ever increasing industrial applications and important bearings on several technological processes. Most of the available literature deals with the study of boundary layer flow over a stretching surface where the velocity of the stretching surface is assumed to be linearly proportional to the distance from the fixed origin. However, it is often argued that (Gupta and Gupta [1] ) stretching of plastic sheet may not necessarily be linear. A few years later, several researchers like Magyari and Keller [2] , Elbashbeshy [3] , Partha et al. [4] , Khan [5] , and Sanjayanand and Khan [6, 7] focused on heat mass transfer on boundary layer flow due to the presence of an exponentially, continuous stretching sheet under different thermo-physical conditions. Flow and heat transfer characteristics past an exponentially stretching sheet has a wider applications in technology. For example, in case of annealing and thinning of copper wires, the final product depends on the rate of heat transfer at the stretching continuous surface with exponential variations in stretching velocity and temperature distribution. During such processes, both the kinematics of stretching and the simultaneous heating or cooling have a decisive influence on the quality of the final products. Al-Odat et al. [8] discussed the effects of magnetic field on fluid flow and heat transfer past an exponentially stretching surface. Later, Sajid and Hayat [9] considered the influence of thermal radiation on the boundary layer flow due to an exponentially stretching sheet by solving the problem analytically via homotopy analysis method (HAM). Recently, Bidin and Nazar [10] analyzed the effect of thermal radiation on the steady laminar two-dimensional boundary layer flow and heat transfer over an exponentially stretching sheet. Bararnia et al. [11] analytically studied the boundary layer flow and heat transfer on continuously stretching surface taking exponential surface velocity and temperature distributions. On the other hand, El-Aziz [12] investigated the mixed convection flow of micropolar fluid past an exponentially stretching sheet. Pal [13] carried out his investigation to report mixed convection flow past an exponentially stretching surface in presence of a magnetic field. Recently, Nadeem et al. [14] analyzed the flow of Jeffrey fluid and heat transfer past an exponentially stretching sheet. Combined effects of magnetic field and thermal radiation on flow and heat transfer over an exponentially stretching sheet were discussed by Ishak [15] . Of late, the effects of slip on third grade fluid past an exponentially stretching sheet were analyzed by Sahoo and Poncet [16] . Mukhopadhyay and Gorla [17] discussed the effects of partial slip on flow past an exponentially stretching sheet.
Convective heat transfer plays a vital role during the handling and processing of non-Newtonian fluid flows. Mechanics of non-Newtonian fluid flows present a special challenge to engineers, physicists, and mathematicians. Because of the complexity of these fluids, there is not a single constitutive equation which exhibits all properties of such non-Newtonian fluids. In the process, a number of non-Newtonian fluid models have been proposed. Amongst these, the fluids of viscoelastic type have received much attention. In the literature, the vast majority of non-Newtonian fluid are concerned of the types, e.g., like the power law and grade two or three (Andersson and Dandapat [18] , Hassanien [19] , Sadeghy and Sharifi [20] , Serdar and Salih Dokuz [21] , Sajid et al. [22, 23] ). These simple fluid models have the shortcomings that render results that are not in accordance with the fluid flows in reality. Power-law fluids are by far the most widely used model to express non-Newtonian behavior in fluids. The model predicts shear thinning and shear thickening behavior. However, it is inadequate in expressing normal stress behavior as observed in die swelling and rod climbing behavior in some non-Newtonian fluids.
The second grade fluid model is the simplest subclass of viscoelastic fluids for which one can reasonably hope to obtain the analytic solution. Normal stress effects can be expressed in second grade fluid model, a special type of Rivlin-Ericksen fluids, but this model is incapable of representing shear thinning/ thickening behavior (Aksoy et al. [24] ). The non-Newtonian fluids are mainly classified into three types, namely differential, rate, and integral. The simplest subclass of the rate type fluids is the Maxwell model which can predict the stress relaxation. This rheological model, also, excludes the complicated effects of shear-dependent viscosity from any boundary layer analysis (Hayat et al. [25] ). There is another type of non-Newtonian fluid known as Casson fluid. Casson fluid exhibits yield stress. It is well known that Casson fluid is a shear thinning liquid which is assumed to have an infinite viscosity at zero rate of shear, a yield stress below which no flow occurs, and a zero viscosity at an infinite rate of shear, i.e., if a shear stress less than the yield stress is applied to the fluid, it behaves like a solid, whereas if a shear stress greater than yield stress is applied, it starts to move. The examples of Casson fluid are of the type are as follows: jelly, tomato sauce, honey, soup, concentrated fruit juices, etc. Human blood can also be treated as Casson fluid. Due to the presence of several substances like, protein, fibrinogen, and globulin in aqueous base plasma, human red blood cells can form a chainlike structure, known as aggregates or rouleaux. If the rouleaux behave like a plastic solid, then there exists a yield stress that can be identified with the constant yield stress in Casson's fluid (Fung [26] ). Casson fluid can be defined as a shear thinning liquid which is assumed to have an infinite viscosity at zero rate of shear, a yield stress below which no flow occurs, and a zero viscosity at an infinite rate of shear (Dash et al. [27] ).
The process of suction and blowing has also have their importance in many engineering activities, for example, in the design of thrust bearing and radial diffusers, and thermal oil recovery. Suction is applied to chemical processes to remove reactants (Mukhopadhyay [28, 29] ). Blowing is used to add reactants, which cool the surface, prevent corrosion or scaling and reduce the drag (Mukhopadhyay and Vajravelu [30] ).
The radiative effects have important applications in physics and engineering processes. The radiations due to heat transfer effects on different flows are very important in space technology and high temperature processes. But very little is known about the effects of radiation on the boundary layer. Thermal radiation effects may play an important role in controlling heat transfer in polymer processing industry where the quality of the final product depends, to some extent to the heat [31] ). High temperature plasmas, cooling of nuclear reactors, liquid metal fluids, and power generation systems are some important applications of radiative heat transfer from a vertical wall to conductive gray fluids (Mukhopadhyay and Gorla [17] ). The purpose of this present work is to extend the flow and heat transfer analysis in boundary layer flow of a Casson fluid over an exponentially stretching sheet. Combined effects of suction/blowing and thermal radiation are investigated. Using similarity transformations, a third order ordinary differential equation corresponding to the momentum equation and a second order differential equation corresponding to the heat equation are derived. Numerical calculations up to desired level of accuracy were carried out for different values of dimensionless parameters of the problem. The results have been discussed thoroughly. It is found that the flow field and heat transfer are influenced appreciably by other parameters in presence of suction or injection at the wall. Finally, estimation of skin friction which is very important from the industrial application points of view is also discussed.
Equations of motion
Consider the flow of an incompressible viscous fluid past a flat sheet which coincides with the plane y = 0. The fluid flow is confined to y > 0. Two equal and opposite forces are applied along the x-axis, so that the wall is stretched keeping the origin fixed (see Fig. 1 ). The rheological equation of state for an isotropic and incompressible flow of a Casson fluid is as follows:
Here, p = e ij e ij and e ij are the (i,j)th component of the deformation rate, p is the product of the component of deformation rate with itself, p c is a critical value of this product based on the non-Newtonian model, l B is plastic dynamic viscosity of the non-Newtonian fluid, and p y is the yield stress of the fluid.The continuity, momentum (Mustafa et al. [32] ), and energy equations governing such type of flow are written as follows:
where u and are the components of velocity, respectively, in the x and y directions, m is the kinematic viscosity, q is the fluid density (assumed constant), b ¼ l B ffiffiffiffiffiffiffi 2p c p =p y is parameter of the Casson fluid, j is the thermal conductivity of the fluid, q r is the radiative heat flux, and c p is the specific heat.
Using Rosseland approximation for radiation (Brewster [33] ), we may write as follows:
where r is the Stefan-Boltzman constant and k * is the absorption coefficient.
Assuming that the temperature difference within the flow is such that T 4 may be expanded in a Taylor series and expanding T 4 about T 1 and neglecting higher orders, we get
1 : Therefore, the Eq. (3) becomes:
Boundary conditions
The appropriate boundary conditions for the problem are given by:
Here, U ¼ U 0 e x L is the stretching velocity (Magyari and Keller
is the temperature at the sheet, U 0 and T 0 are the reference velocity and temperature, respectively, V(x) = V 0 e x 2L , a special type of velocity at the wall is considered (Bhattacharyya [34] ) where V 0 is a constant, V(x) > 0 is the velocity of suction and V(x) < 0 is the velocity of blowing.
Method of solution
Introducing the similarity variables as:
hðgÞ ð 8dÞ
and upon substitution of (8) in Eqs. (2) and (5), the governing equations reduce to: and the boundary conditions take the following form:
and as g ! 1;
where the prime denotes differentiation with respect to g, S= is the Prandtl number.
Numerical method
The above Eqs. (9) and (10) along with boundary conditions (11), (12) are solved by converting them to an initial value problem. We set:
with the boundary conditions
In order to integrate (13) and (14) as an initial value problem, we require a value for p(0), i.e., f // (0) and h / (0), but no such values are given in the boundary. The most important factor of shooting method is to choose the appropriate finite values of g 1 . In order to determine g 1 for the boundary value problem stated by Eqs. (13)- (15), we start with some initial guess value for some particular set of physical parameters to obtain f // (0) and h / (0). The solution procedure is repeated with another large value of g 1 until two successive values of f // (0) and h / (0) differ only by the specified significant digit. The last value of g 1 is finally chosen to be the most appropriate value of the limit g 1 for that particular set of parameters. The value of g 1 may change for another set of physical parameters. Once the finite value of g 1 is determined, then the integration is carried out. We compare the calculated values for f / and h at g = 10 (say) with the given boundary conditions f / (10) = 0 and h(10) = 0 and adjust the estimated values, f // (0) and h / (0), to give a better approximation for the solution.
We take the series of values for f // (0) and h / (0) and apply the fourth order classical Runge-Kutta method with step-size h = 0.01. The above procedure is repeated until we get the results up to the desired degree of accuracy, 10 À5 .
Results and discussions

Validation of results
To examine the application of the program applied, the value of the missing initial condition f [10] , El-Aziz [12] and Ishak [15] (for some special cases) is made and presented in Table 1 . The results are found in excellent agreement. Moreover, another comparison of the present results corresponding to the values of heat transfer coefficient [Àh / (0)]for variable values of thermal radiation parameter (N) with S = 0 (i.e., in absence of suction/blowing at the boundary) with the available published numerical results of Bidin and Nazar [10] and with the analytic results of Nadeem et al. [14] in the absence of Eckert number (E) is made and presented in Table 2 . The results are found in excellent agreement. Let us first consider the effects of Casson parameter b on velocity and temperature profiles. Fig. 2a depicts the effects of Casson parameter b on velocity profiles for permeable sheet. Velocity is found to decrease with the increasing Casson parameter b. Decreasing nature of the momentum boundary layer thickness with increasing b is noted. Fluid velocity is much more suppressed in case of suction (S = 0.5) than that of blowing (S = À0.5) (Fig. 2a) . The nature of temperature profiles for variable values of Casson parameter b for permeable stretching sheet is presented in Fig. 2b . Temperature at a point increases in this case. The thermal boundary layer thickness increases with increasing b. Increase in the temperature field is much more pronounced in case of blowing (S = À0.5) than that of suction (S = 0.5) (Fig. 2b) . Temperature overshoot is noted in case of blowing (Fig. 2b) . Fig. 3a exhibits the effects of suction/blowing parameter S on velocity profiles for exponentially stretching sheet. It is observed that velocity decreases significantly with increasing suction, whereas fluid velocity is found to increase with blowing (Fig. 3a) . It is observed that, when the wall suction (S > 0) is considered, this causes a decrease in the boundary layer thickness and the velocity field is reduced. S = 0 represents the case of non-porous stretching sheet. Opposite behavior is noted for blowing (S < 0). The physical explanation for such behavior is that while stronger blowing is provided, the heated fluid is pushed farther from the wall where due to less influence of the viscosity, the flow is accelerated. This effect acts to increase maximum velocity within the boundary layer. The same principle operates but in reverse direction in case of suction. Fig. 3b presents the temperature profiles for variable suction/ blowing parameter S. It is seen that temperature decreases with increasing suction, whereas it increases due to blowing (Fig. 3b) . Temperature overshoot is noted for blowing (Fig. 3b) . Due to suction, temperature field becomes much more suppressed. Actually, the effect of suction is to make the velocity and temperature distribution more uniform within the boundary layer. Imposition of fluid suction at the surface has a tendency to reduce both the hydrodynamic and the thermal thickness of the boundary layer where viscous effects dominate. This has the effect of reducing both the fluid velocity and the temperature. On the other hand, the thermal boundary layer thickness increases with injection which causes a decrease in the rate of heat transfer. Fig. 4a depicts the effects of Prandtl number Pr on temperature profile in presence (S = 0.5) of suction at the boundary. Temperature is found to decrease with increasing Pr. An increase in Prandtl number may reduced the thermal boundary layer thickness. Prandtl number signifies the ratio of momentum diffusivity to thermal diffusivity. In heat transfer problems, the Prandtl number Pr controls the relative thickening of the momentum and thermal boundary layers. When Prandtl number Pr is small, heat diffuses quickly compared to the velocity (momentum), which means that for liquid metals, the thickness of the thermal boundary layer is much bigger than the momentum boundary layer. Fluids with lower Prandtl number have higher thermal conductivities (and thicker thermal boundary layer structures), so that heat can diffuse from the sheet faster than for higher Pr fluids (thinner boundary layers). Hence, Prandtl number can be used to increase the rate of cooling in conducting flows. Fig. 5b presents the nature of temperature profiles for variable values of Prandtl number in presence of blowing (S = À0.5). An interesting behavior of the temperature field is noted. A crossing over between the temperature profiles is noted. It is observed that initially (near the wall), the temperature increases (before the crossing over point) but away from the wall (after the crossing over point), it decreases with increasing Pr (Fig. 4b) . Temperature overshoot indicates that the maximum value of temperature occurs in the fluid close to the surface but not at the surface. It is interesting to note that this increase in the temperature peak value shows the increase in the temperature difference between the stretched wall and the adjacent fluid which is the reason for enhancing the heat transfer process from the surface to the ambient fluid. Reverse trend is seen away from the surface. Moreover, the thermal boundary layer thickness decreases with increasing Prandtl number (Fig. 4b) . It is also noted that wall-temperature gradient is positive for all values of the Prandtl number. Physically, it means that the heat is always transferred from the ambient fluid to the surface. The walltemperature gradient h / (0) increases with increasing Pr. The effects of thermal radiation on temperature profiles are shown in Fig. 5 . It is found that temperature increases as the radiation parameter N increases (Fig. 5) . This is in agreement with the physical fact that the thermal boundary layer thickness increases with increasing N (Abdallah [35] ). The effect of radiation in the thermal boundary layer Eq. (5) is equivalent with an increased thermal diffusivity. Pr= 1 þ (Fig. 6b) .
The momentum and thermal boundary layer thickness are denoted by d and d h , respectively, and defined, respectively, as the values of the dimensionless distance g from the surface at which the dimensionless velocity f / and dimensionless temperature h decayed to 0.001. The boundary layer thicknesses Table 3 for three values of suction/blowing parameter S (in the absence of thermal radiation). From this table, it is seen that momentum boundary layer thickness decreases with increasing Casson parameter b and also with increasing values of suction/ blowing parameter S. On the other hand, thermal boundary layer thickness increases with the increase in Casson parameter b but decreases with increasing values of suction/blowing parameter S.
Conclusions
The numerical solutions for steady boundary layer flow and heat transfer for a Casson fluid over an exponentially permeable stretching surface in presence of thermal radiation are analyzed. The main findings of this investigation may be summarized as follows: 
